Multifractality of random eigenfunctions and generalization of Jarzynski
  equality by Khaymovich, I. M. et al.
Multifractality of random eigenfunctions and generalization of Jarzynski equality
I. M. Khaymovich,1, 2, ∗ J. V. Koski,1 O.-P. Saira,1 V. E. Kravtsov,3, 4 and J. P. Pekola1
1Low Temperature Laboratory, O.V. Lounasmaa Laboratory, Aalto University, FI-00076 Aalto, Finland
2Institute for Physics of Microstructures, Russian Academy of Sciences, 603950 Nizhny Novgorod, GSP-105, Russia
3Abdus Salam International Center for Theoretical Physics, Strada Costiera 11, 34151 Trieste, Italy
4L. D. Landau Institute for Theoretical Physics, Chernogolovka, Russia
Systems driven out of equilibrium experience large fluctuations of the dissipated
work. The same is true for wave function amplitudes in disordered systems close
to the Anderson localization transition. In both cases the probability distribution
function is given by the large deviation ansatz. Here we exploit the analogy between
the statistics of work dissipated in a driven single-electron box and that of random
multifractal wave function amplitudes and uncover new relations which generalize the
Jarzynski equality. We checked the new relations theoretically using the rate equations
for sequential tunneling of electrons and experimentally by measuring the dissipated
work in a driven single-electron box and found a remarkable correspondence. The
results represent an important universal feature of the work statistics in systems out
of equilibrium and help to understand the nature of the symmetry of multifractal
exponents in the theory of Anderson localization.
I. INTRODUCTION
Unlike the adiabatic processes where the work W done
on the system is equal to the difference in the free en-
ergy ∆F , the non-adiabatic drive protocols are associ-
ated with work that depends not only on the parameters
of the system and details of the drive protocol but also
experiences fluctuations relative to its average value.1–8
Statistics of work can be described by the probability
distribution function (PDF), Pw(W ), and it is an im-
portant goal to find universal features in Pw(W ) that
remain unchanged within certain universality classes.9
The best known relations of this kind are the Jarzynski
equality10–12 and the Crooks relation.13 The former one
states that the exponent e−(W−∆F )/kBT averaged over
repeated identical driving protocols is equal to 1, where
T is the temperature of the single bath and kB is the
Boltzmann constant. This necessarily implies that dur-
ing some drive realizations the dissipated work W −∆F
must be negative in a naive (and wrong) contradiction
with the Second Law which only states that the average
dissipated work remains positive. The Crooks relation
Pw(W )
P˜w(−W )
= e(W−∆F )/kBT (1)
concerns the PDF’s of work in the direct (Pw(W )) and
time-reversed (P˜w(−W )) processes. This relation has
many important consequences (with the Jarzynski equal-
ity being one of them) and practical applications, e.g. in
the determination of free energy of folding proteins.1,5
We use the Crooks relation to find a correspondence
between statistics of work in a broad class of systems
driven by time-reversal symmetric protocols and statis-
tics of random multifractal wave functions in disor-
dered quantum systems close to the Anderson local-
ization transition.14–16 The unifying principle of this
correspondence17 is the so called Large Deviation Prin-
ciple18 according to which the PDF of a large variety
of systems takes the form of the large deviation ansatz
(LDA),
PLDA(S) ∼ exp [−nG(S/n)] , n 1, (2)
where G(y) is a system-specific function. The LDA can
be viewed as a generalization of the Central Limit Theo-
rem of statistics according to which the sum S of a large
number n of identically distributed independently fluctu-
ating quantities sk has a limiting Gaussian distribution
with the variance σ2 ∝ n. Indeed, if we require that
G(y) in Eq. (2) has a minimum, the expansion of this
function near this minimum immediately results in the
correct Gaussian PDF. The significance of the LDA is
that it also describes the non-Gaussian tails of the distri-
bution. Different realizations of LDA are characterized
by different functions G(y) and different effective number
n of independently fluctuating quantities. For example,
in the discrete Markov process (or Markov chain) driving
time t plays the role of large parameter n for steady state
distributions of dissipated work19 and heat20.
Critical eigenfunctions ψi (i = 1, ...N) near the Ander-
son localization transition and in certain random matrix
ensembles have multifractal statistics.14–16 A character-
istic feature of such statistics is that the eigenfunction
amplitude |ψi|2 takes a broad set of values (at different
sites i or in different realizations of disorder) which scale
like |ψi|2 ∼ N−α (α > 0) with the total number of sites
N in a disordered tight-binding lattice (or the matrix
size). The number of sites on a lattice where scaling is
characterized by a certain α is M ∼ Nf(α), where f(α)
is known as the spectrum of fractal dimensions. Were
α taking only one single value α0, the set of “occupied”
sites on the d-dimensional lattice would be a fractal with
the Hausdorff dimension dh = df(α0). Multifractality
implies that there is a range of possible values of α with
the corresponding range of fractal dimensions f(α). In
the language of LDA this implies that PDF of the am-
plitude |ψi|2 has a form Eq. (2) with S = − ln(N |ψ|2)
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2and n = lnN . The function G(y) is related with the
multifractality spectrum f(α) as G(y) = 1− f(1 + y).14
It depends on parameters of the system such as the di-
mensionality or the bandwidth of the random matrix en-
semble and has a non-trivial limit at N → ∞. There is
a remarkable symmetry,14,17,21
f(1 + y) = f(1− y) + y, ⇔ G(y) = G(−y)− y , (3)
whose physical origin is perhaps deeper than a current
understanding22 based on “full chaotization” of particle
dynamics in a random potential which leads to the ho-
mogeneous distribution of the scattering phase off the
disordered system.
An important observation17 with potentially very far-
reaching consequences is that within the LDA the sym-
metry Eq. (3) is equivalent to the Crooks-like relation,
PLDA(y)
PLDA(−y) = e
n y, y = S/n . (4)
In this work we formulate a generalization, Eq. (7), of
the Jarzynski equality for the work generating function.
This generalization has been proven theoretically by a
stochastic calculus using the rate equations and exper-
imentally for a driven single electron box (SEB) in the
Coulomb blockade regime.
II. RESULTS
A. The large-deviation parameter and the
temperature
To formulate a dictionary between the statistics of
work in driven systems and that of random multifractal
eigenfunctions, we compare Eqs. (1) and (4) assuming
that the drive protocol in (1) is time-reversal symmetric,
therefore P˜w(W ) = Pw(W ). Using this comparison and
the definition of S and n for multifractal wave functions
we obtain
yw =
(W −∆F )
(kBT ) nw
, ⇔ y = − ln(N |ψi|
2)
lnN
, (5)
where the subscript w stands for the distribution of work
fluctuations. To determine the yet undefined parameter
nw we use the following heuristic argument based on the
above analogy. We note that for a normalized eigenfunc-
tion on a lattice obeying
∑
i |ψi|2=1 we have |ψi| ≤ 1.
This means that y ≥ −1. A similar restriction for yw
implies (W −∆F )/kBT ≥ −nw, that is
nw = E0/kBT, (6)
where (−E0) is the lower bound of the dissipated work.
This result for the large-deviation parameter nw can be
proven by a usual stochastic approach (see Eq. (15) in
the Supplementary Note 1) for the SEB governed by rate
equations obeying detailed balance. However, we believe
that it is valid generically for all driven systems with the
dissipated work bounded from below. Thus the effec-
tive number (Eq. (6)) of independent random variables
in such driven systems is inversely proportional to tem-
perature T and is easily controllable experimentally. This
result is crucially important for experimental verification
of our extension of the Jarzynski equality.
B. Work generating function and extension of the
Jarzynski equality
With the established physical meaning of nw, the anal-
ogy between the work distribution in driven systems and
the multifractal statistics of random eigenfunctions be-
comes complete. It is illustrated in Figs. 1 and 2.
A remarkable property of the LDA (2) is that the av-
erage of 〈e−q S〉 ∼ e−n ∆˜q is an exponential function of
n  1, where ∆˜q = miny {q y + G(y)}.18,19 Given that
n = lnN this implies a power-law scaling with N of the
moments 〈Nq|ψi|2q〉 ∼ N−∆q (with ∆q ⇔ ∆˜q) of random
wave functions near the critical point of the Anderson
localization transition. When applied to the statistics
of work, the exponential dependence on nw = E0/kBT
results in the following relation for the work generating
function F (q) = 〈e−q (W−∆F )/kBT 〉:
ln〈e−q (W−∆F )/kBT 〉 ≡ −(E0/kBT ) ∆wq (T ) T→0−→ −(E0/kBT ) ∆wq , (7)
where the limit ∆wq is independent of temperature. Equa-
tion (7) is the main theoretical result of our work, where
we claim that the logarithm of the work generating func-
tion is linear in E0/kBT  1 with ∆wq being a non-trivial
function of a real q. It generalizes the Jarzynski equality
which corresponds to q = 1 and ∆wq=1(T ) = 0. Appar-
ently, we have also ln〈1〉 ∝ ∆wq=0(T ) = 0. One can easily
show using Eq. (3) and the definition of ∆wq that the
symmetry
∆wq (T ) = ∆
w
1−q(T ) (8)
holds both for ∆wq and for ∆
w
q (T ). This symmetry has its
counterpart for the critical exponents ∆q that determine
the scaling with N of the moments of random critical
3wave functions. The limit ∆wq of ∆
w
q (T ) at E0/kBT →∞
(at a fixed drive frequency f) is expected to be robust to
changing the details of the driven system and the drive
protocol. For a driven two-level system, described by
rate equations (Eqs. (3, 4) in the Supplementary Note 1)
and obeying detailed balance Γ+(U) = Γ+(−U) eU/kBT
for the up (down) transition rates Γ+ (Γ−), standard
stochastic dynamics calculus confirms the main result
Eqs. (6, 7), with ∆wq having always the same asymp-
totic behavior ∆wq ≈ 12 −
∣∣q − 12 ∣∣ at large enough |q|  qc
(see Eq. (18) in the Supplementary Note 1). This form
of ∆wq corresponds to the limit of infinite dimensions, or
the Bethe lattice limit23, in the problem of the random
critical wave functions. Note that the universal behav-
ior of ∆wq (and the corresponding behavior of Pw(W )) is
reached only in the limit T → 0, with all other parame-
ters of the system and drive being fixed. If, however, the
temperature is low but fixed then there always exists a
sufficiently low drive frequency f such that the dissipated
work distribution tends to a δ-function, as the adiabatic
limit requires.24 For a single-electron box with a super-
conducting electrode the range of such frequencies could
be extremely low at temperatures kBT  ∆S with ∆S
being a superconducting gap in the island (see Fig. 1(c)).
C. Experimental verification for a single-electron
box
The general theory above can be applied to a driven
SEB, which is a small metallic island connected to an
external electrode with a tunnel junction. The free elec-
trons on the SEB island and the electrode form a particle
bath, assumed to be at thermal equilibrium at tempera-
ture T .6,25 A standard rate equation approach26,27 which
is essentially classical and based on the picture of sequen-
tial tunneling of electrons, confirms our main result (7)
and the symmetry (8) (see Supplementary Notes 1 and
2). This theory gives a linear in T−1 low-temperature be-
havior of the cumulant generating function [left-hand side
of Eq. (7)], as shown in Fig. 3(a, b). We consider two dif-
ferent cases as examples belonging to different universal-
ity classes marked by drastically different dependence of
the tunneling rate Γ+(U) on the drive voltage U  kBT :
a SEB with normal island and (a) a superconducting ex-
ternal electrode (Γ+ ∼ e−∆S/kBT
√
∆SkBT (1 + e
U/kBT ),
∆S > U ) or (b) a normal external electrode (Γ+ ∼
U sinh−1(U/2kBT ) eU/2kBT ). The evolution of ∆wq (T )
with temperature in both cases is shown in Fig. 4. The
limiting ∆wq appears to be of triangular shape in case (a),
and of trapezoidal shape in case (b).
The main quantum effects which are beyond the rate
equation approach, are the elastic co-tunneling28 and the
Andreev tunneling29. Estimations show (see Eqs. (3) the
Supplementary Note 3) that for SEB at our experimental
conditions they may become relevant at low temperatures
T < T ∗ ∼ 60 mK. We believe that these effects merely
renormalize the parameter E0 and the function ∆
w
q and
do not change the 1/T behavior in Eq. (7). Further in-
vestigations are necessary to check the validity of this
conjecture.
For an experimental verification of our main result (7)
and the symmetry (8) we use a SEB formed by two metal-
lic islands, of which one is normal and the other one is
superconducting with energy gap ∆S. As a two-island
SEB is only capacitively coupled to the environment,
it is less influenced by external noise from higher tem-
perature stages of the setup. Otherwise its behavior is
identical to a normal one-island SEB with a supercon-
ducting “external electrode”. The measured structure is
described in Refs.6,30,31. We used aluminum and cop-
per as a superconductor and a normal metal, respec-
tively, and apply magnetic field to increase the tunneling
rates through the junction by suppressing the gap ∆S,
see the Supplementary Note 4 for details. The Hamilto-
nian H(n, ng) = EC (n
2 − 2nng) of the SEB consists of
the charging energy of the island with an integer num-
ber of excess electrons n and the interaction with the
source of the gate voltage Vg controlling the gate charge
ng = CgVg/e through the capacitance Cg. The energy
required to charge the island with a single electron −e is
EC = e
2/2CΣ, where CΣ is the total capacitance of the
island. In this experiment, we apply a sinusoidal modula-
tion ng(t) =
1
2 − 12 cos(2pift) and consider a monotonous
segment of ng(t) from 0 to 1 as a single realization of the
process 0 < t < (2f)−1. We focus on the large Coulomb
energy limit EC  kBT , in which n is restricted to two
values, n = 0 and n = 1. In this case, the dissipated
work is determined from the trajectory of n(t) by24,32
W −∆F = −EC
∫ 1
0
(2n− 1) dng. (9)
Like in the textbook example of a moving piston where
the volume V (t) of the gas is controlled deterministically
and the pressure p(t) experiences fluctuations due to col-
lisions of gas atoms with the piston, the gate voltage ng(t)
is a deterministic function whereas n(t) experiences tele-
graph fluctuations. These fluctuations are detected by
a nearby charge-sensitive single electron transistor. The
dissipated work is computed from Eq. (9) and its statis-
tics over repeated identical driving protocols is studied.
Here the lower bound −E0 of the dissipated work is de-
termined by the Coulomb energy E0 = EC.
The experimental PDFs of work for few different drive
frequencies are presented in Fig. 1. This plot demon-
strates the dependence of the PDF on the frequency
which is reminiscent of the dependence on the bandwidth
b of the corresponding PDF for random multifractal wave
functions for the power-law banded random matrices.14
Using this PDF one can compute the qth moments of
e−(W−∆F )/kBT for different values of the parameter q and
find the function ∆wq (T ) from Eq. (7) (see Fig. 2). In both
figures the charging energy of the SEB determining the
dissipated work (9) is EC = 167± 4 µeV, while the bath
temperature is T = 214 mK. The drive frequencies are
indicated in the figures.
4Next we check experimentally the linear in E0/kBT
low-temperature dependence in Eq. (7) and the symme-
try of Eq. (8). The results are presented in Fig. 3(c). The
corresponding theoretical curves are given in Fig. 3(a).
Note a good linearity of experimental data for the nega-
tive q (full circles, solid lines) and a much larger scatter
of it (open circles) for the large positive q which corre-
sponds to rare events with W −∆F < 0. The linear in T
evolution of ∆wq (T ) = ∆
w
q +cq (kBT/E0) is demonstrated
experimentally in Fig. 4(c). Its counterpart for the ran-
dom eigenfunction problem is the evolution with the sys-
tem size N linear in 1/ lnN which was used recently in
Ref.23 to find the spectrum of fractal dimensions f(α)
extrapolated to the infinite system size. Similarly to this
work, the limiting function ∆wq is obtained by the linear
in T extrapolation to T → 0 (see the inset in Fig. 3(c)).
In both figures the charging energy is EC = 111±4 µeV,
the drive frequency is f = 4 Hz, while the temperatures
are indicated in the figures. The estimated33–35 value of
the superconducting energy gap ∆S = 96 ± 11 µeV in
applied magnetic field is rather close to EC in this case.
The corresponding extrapolated function ∆wq shown in
Fig. 4(c) is close to the triangular form obtained theoret-
ically from the rate equations in the ideal case ∆S = EC
and shown in Fig. 4(a), albeit it is somewhat rounded on
the top following a trend towards the trapezoidal form
shown in Fig. 4(b). The asymptotic behavior of the ex-
trapolated function ∆wq at q > 1 or q < 0 is close to the
theoretically predicted asymptotics ∆wq = 1/2−|q−1/2|,
linear in q with unit slope, supporting the linear in T ex-
trapolation.
III. DISCUSSION
In conclusion, we have shown that the analogy between
the statistics of random critical wave functions and that
of the work dissipated in driven systems, is very sug-
gestive. Its predictions are fully confirmed theoretically
and experimentally by studying stochastic dynamics in
a driven SEB described by rate equations obeying de-
tailed balance. Thus one of the most difficult problems
in quantum mechanics of disordered systems turns out
to be analogous to one of the simplest problem in clas-
sical stochastic Markovian dynamics. In particular, the
physical origin of the symmetry (8) is somewhat unclear
in the problem of Anderson localization (see though22).
At the same time, the corresponding symmetry for driven
systems is a consequence of the Crooks relation or, equiv-
alently, of detailed balance for rate equations. This might
suggest that there would be a stochastic description for
the critical random eigenfunction problem by an equiv-
alent Markovian process with detailed balance. One
can see a remote analogy of such correspondence in the
Schramm-Loewner evolution which maps fractal phase
boundaries in 2D critical systems onto a simple random
walk on a line36,37.
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6Supplementary Information
IV. SUPPLEMENTARY NOTE 1 STATISTICS OF WORK FOR A SINGLE-ELECTRON BOX
In this part we give a sketch of the calculation of PDF Pw(Wd) of dissipated work Wd = W −∆F in a SEB which
confirms Eq. (7) from the main text and the asymptotics ∆wq = 1/2−|q−1/2| for a simple Markovian system described
by rate equations. For the sake of clarity we consider the time-reversal (anti)symmetric protocol of the gate voltage
ng(t) monotonously increasing from 0 to 1 in time 0 < t < τ = (2f)
−1, i.e., ng(τ − t) = 1−ng(t), where the symmetry
(1) is satisfied with P˜w(W ) = Pw(W ). As was mentioned in the main text we also focus on the large Coulomb energy
limit EC = e
2/[2(Cg + C)]  kBT . Then the excess number of electrons n on the island is restricted to two values
n = 0 and n = 1 in this range of gate voltage, 0 ≤ ng(t) ≤ 1.
The Hamiltonian H(n, ng) = EC(n
2 − 2ngn) of a SEB mentioned in the main text determines the dissipated work
as follows1:
Wd[n(t), ng(t)] = W −∆F = −EC
∫ 1
0
(2n− 1)dng , (10)
with the (thermodynamical) work W =
∫
∂H
∂ng
dng, and the free energy difference ∆F = F (1)−F (0), where βF (ng) =
− ln [∑n e−βH(n,ng)] and β = (kBT )−1. For the chosen drive protocol the minimal dissipated work −E0 = minWd =−EC is negative with the absolute value coinciding with the Coulomb energy.
During the ramp of ng(t) different stochastic trajectories n(t) of the charge state occur with alternating jumps of
n either from 0 to 1 or vice versa. Each trajectory unambiguously determines the dissipated work for a realization,
see Eq. (10). To find the distribution of dissipated work
Pw(Wd) =
∞∑
k=0
1∑
η=0
∫
Pk(η, t1, . . . , tk)δ (Wd[n(t), ng(t)]−Wd) dt1 · . . . · dtk (11)
one calculates the probability Pk(η, t1, . . . , tk) of realizing a trajectory n(t) starting at n(0) = η = 0, 1 which has
k jumps occuring at time instants t1, . . . , tk. For this purpose we solve the master equation for the occupation
probabilities pn of the two charge states
dp1
dt
= Γ+(t)p0 − Γ−(t)p1, p0 = 1− p1 , (12)
with the equilibrium initial state p1(0) = Γ+(0)/[Γ+(0) + Γ−(0)] ≈ e−βEC . Here the rates Γ±(t) of electron tunneling
into/out of the island can be written as follows Γ±(t) = Γ[±U(t)] with the function
Γ[U ] =
1
e2RT
∞∫
−∞
ν(E)fT (E)[1− fT (E + U)]dE , (13)
monotonically increasing with U(t) = H(0, ng)−H(1, ng):
U(t) = EC[2ng(t)− 1]. (14)
Here RT is the tunnel resistance of the contact and we consider a normal-metal island with the constant density of
states, while the external electrode can be either in a normal (N) or in a superconducting (S) state with the normalized
density of states equal to ν(E) = 1 or ν(E) =
∣∣∣Re E√
E2−∆2
∣∣∣, respectively. We also assume that electrons in the island
and in the electrode thermalize quickly enough to have the same Fermi distributions of energy fT (E) =
(
eβE + 1
)−1
with the temperature T of the single bath. One of the main consequences of the latter assumption about thermalization
and Eq. (13) is the detailed balance of the tunneling rates
Γ+(t)/Γ−(t) = eβU(t) , (15)
which eventually results in the Crooks relation (1) for dissipated work (10) in the system described by rate equation2,3
and driven by time-reversal (anti)symmetric drive
U(τ − t) = −U(t), when Γ+(τ − t) = Γ−(t) . (16)
7In the low temperature limit kBT/EC → 0 (at a fixed drive frequency f = (2τ)−1) we can restrict our consideration
to zero- and one-jump trajectories starting from the ground state n(0) = 0. The probabilities of considered trajectories
can be calculated in a similar way as in Ref. 4
P0(η) = pη(0)e
−A , (17)
P1(0, t1) = p0(0)e
−I(t1)Γ+(t1) , (18)
where A =
∫ τ
0
Γ+(t)dt and I(t1) =
∫ t1
0
Γ+(t)dt+
∫ τ
t1
Γ−(t)dt is symmetric, I(τ − t) = I(t), due to (16), it is bounded
0 ≤ I ≤ A and I(0) = A. The validity of considering only zero- and one-jump trajectories can be verified using the
following estimate for the total probability of trajectories with k > 1 jumps,
Pk>1 = 1−
∑
η=±
P0(η)−
τ∫
0
P1(0, t1)dt1 ≤ I(τ/2) , (19)
which vanishes in the limit T → 0. Indeed,
τ∫
0
P1(0, t1)dt1 ≈
τ∫
0
e−I(t1)Γ+(t1)dt1 =∫
U(t)>0
e−I(t1) [Γ+(t1) + Γ−(t1)] dt1 ≥
∫
U(t)>0
e−I(t1)I˙(t1)dt1 = e−I(τ/2) − e−A , (20)
and
Pk>1 ≤ 1− e−I(τ/2) ≤ I(τ/2) , (21)
where
I(τ/2) = 2
∫
U(t)>0
Γ[U(t)]e−βU(t)dt . Γ0τ
βECn′g(τ/2)
→ 0 (22)
and n′g(τ/2) = ∂ng/∂(t/τ) is the derivative of the gate voltage ng over the normalized time. Here we used the
symmetry (16) and the natural assumption that the maximal value of the tunneling rates Γ[EC] is bounded to
Γ[EC] < Γ0 = const in the considered limit of kBT/EC → 0.
As a result, Eq. (11) yields
Pw(yw) ≈ e−A
[
δ(yw − 1) + e−βECδ(yw + 1)
]
+
τ
2
Γ[EC · yw]e−I(yw) , (23)
where yw is defined in Eq. (5) of the main text.The singular part of Pw corresponds to the trivial jumpless trajectories.
They make a contribution to ∆wq (T )−∆wq (0) = O(1/(βE0)) in Eq. (7) from the main text which is subleading. The
regular part of Pw(yw) can be compared with the large deviation ansatz of Eq. (2) from the main text by taking the
limit G(y) = limn→∞G(y, n) of Gw(yw, nw) ≡ − ln[Pw(yw)]/nw as
Gw(yw, nw) = − ln γ(yw)
nw
+
I(yw)− ln(Γ[EC]τ/2)
nw
. (24)
Here nw = βEC, γ(yw) = Γ[ECyw]/Γ[EC] and the second fraction vanishes when T → 0. The first term gives the
main contribution to Gw(yw) and for the normal external electrode γ(yw) = yw(1− e−βECyw)−1 we obtain
Gw(yw) =
{−yw, −1 ≤ yw ≤ 0
0, 0 ≤ yw ≤ 1 , (25)
while for the superconducting external electrode with γ(yw) = e
−βEC(1+eβECyw) the function Gw(yw) takes the form
Gw(yw) =
{
1, −1 ≤ yw ≤ 0
1− yw, 0 ≤ yw ≤ 1 . (26)
8The corresponding limiting ∆wq = minyw {yw q +G(yw)} is
∆wq →
1
2
−
∣∣∣∣q − 12
∣∣∣∣ , (27)
for the case of the superconducting external lead, while for the normal external lead the positive part of ∆wq in Eq. (27)
at 0 < q < 1 is replaced by 0. In both cases the asymptotic behavior ∆wq ≈ 12 −
∣∣q − 12 ∣∣ for q < 0 or q > 1 holds true.
In general for low finite temperatures, kBT  EC, the averaging in Eq. (7) from the main text can be calculated
using the saddle-point approximation and we obtain
∆wq (T ) = min
yw
{yw q +G(yw, nw)} = ∆wq + cq(T )/nw . (28)
Here the last term cq(T )/nw originates from the second fraction in Eq. (24) with bounded cq(T ) < c
max
q = const and
therefore it is a subleading term. As a result, rewriting Eq. (7) from the main text in the following form
ln〈e−q (W−∆F )/kBT 〉 = −(E0/kBT ) ∆wq + cq(T ) = −(E0/kBT ) ∆wq +O(1) , (29)
we prove the linear behavior of the l.h.s. in E0/kBT .
The linear T -expansion of ∆wq (T ), Eq. (28), to ∆
w
q is possible in the range of temperatures, where cq(T ) is close to
its limiting value cq(0), i.e., when cq(T ) ≈ cq(0).
V. SUPPLEMENTARY NOTE 2 DERIVATION OF EQ. (8)
The symmetry ∆wq (T ) = ∆
w
1−q(T ) of Eq. (8) can be proved simply using Crooks relation for time-reversal symmetric
drive protocol (4): Pw(yw) = e
nwywPw(−yw). Indeed,
e−nw∆
w
q (T ) =
∫
e−qnwywPw(yw)dyw =
∫
e(1−q)nwywPw(−yw)dyw =
∫
e−(1−q)nwy
′
wPw(y
′
w)dy
′
w = e
−nw∆w1−q(T ) . (30)
VI. SUPPLEMENTARY NOTE 3 ESTIMATION OF THE COHERENT PROCESSES IN SIN SEB
In this section we estimate temperature range where coherent phenomena, namely, Andreev tunneling5, start to
affect dynamics of single-electron box (see Eq. (12) in Supplementary Note 1). For this purpose we compare the
minimal rate of sequential tunneling (see Eq. (13) in Supplementary Note 1 for U = −EC) with typical amplitudes of
Andreev tunneling rates. Strictly speaking there is another coherent effect called cotunneling, but it is not relevant
to a SEB dynamics due to one tunnel junction in the system.
Substituting the expression for the superconducting density of states ν(E) =
∣∣∣∣Re E√E2−∆2S
∣∣∣∣ into Eq. (13) in Supple-
mentary Note 1 one can find the expression for the sequential tunneling rate at kBT  U < ∆S:
Γ[U ] ≈
√
2pi∆SkBT
e2RT
e−∆S/kBT
(
1 + eU/kBT
)
(31)
with the minimal value Γ[−EC] '
√
2pi∆SkBTe
−∆S/kBT /e2RT at EC < ∆S.
In subgap region |U | < ∆S Andreev tunneling rate ΓAR can be estimated as follows:
ΓAR =
RQ
8e2NR2T
|U | , (32)
where RQ = h/e
2 = 26 kΩ is the resistance quantum, N is the the effective number of channels in the contact.
Using the experimental parameters RT ∼ 12 GΩ, |U | ∼ ∆S ∼ EC ∼ 100 µeV, N ∼ 100 we obtain the following
threshold temperature T ∗ by comparing the rates Γ[−EC] ∼ ΓAR
T ∗ ∼ ∆S/kB ln [8RTN/RQ] ∼ 1.15 K/ ln[4 · 108] = 60 mK , (33)
below which the coherent effects cannot be neglected. This estimation agrees very well with the experimental obser-
vation of individual Andreev events in a hybrid single-electron transistors.6
9VII. SUPPLEMENTARY NOTE 4 ENERGY GAP IN THE SUPERCONDUCTOR SUPPRESSED BY
MAGNETIC FIELD
Experimentally we increase the tunneling rates Γ[U ] through the NIS junction in the measurements shown in
Figs. 3(c) and 4(c) in the main text by applying magnetic field to control the energy gap ∆S in the quasiparticle
spectrum. Here we estimate the energy gap ∆S(H) near the junction under the influence of the magnetic field
H = 475 G applied to the superconducting island made of aluminium. We focus only on the energy gap value near
the junction because the tunneling rates are governed by the local density of states of the superconductor near the
junction, as given by Eq. (13) in Supplementary Note 1.
Based on a typical normal-state resistivity ρN = 30− 40 nΩ·m of aluminum at 4.2 K,7,8 we estimate the diffusion
coefficient D = 70 − 90 cm2s−1 from the Drude formula 1/ρN = e2N0D, where N0 = 1.45 · 1047 J−1m−3 is the
normal state density of states of aluminium.9 According to this estimate the elastic mean free path ` ∼ 10 nm is
small-compared to the superconducting coherence length ξ0 =
√
~D/∆S(0) ∼ 140 − 165 nm corresponding to the
superconducting gap in aluminium at zero magnetic field ∆S(0) ' 220 µeV. The width of the island near the junction
is estimated to be w = 100 nm using scanning electron microscope image of the sample.
Due to the inequalities ` w . ξ0, one can assume homogeneous suppression of the gap
∆S(H) = ∆OP(H)(1− γ2/3H )3/2 , (34)
where the expression ∆OP(H) = ∆S(0)
(
1− 0.75γH − 0.54γ2H
)
for the superconducting order parameter in the mag-
netic field holds for γH . 0.3. These expressions follow from the solution to the Usadel10 or Gor’kov11,12 equa-
tions. Note that in zero magnetic field the order parameter coincides with the energy gap ∆OP(0) = ∆S(0). Here,
γH =
1
6
(
Hξ0w
~/e
)2
. This results in the estimate ∆S(H) = 96 ± 11 µeV for the gap in the presence of the magnetic
field applied in the present experiment, which is the value used in the main text, and which agrees with the measured
temperature dependence of the tunneling rates (not shown).
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FIG. 1: Comparison of distributions of dissipated work and amplitudes of random multifractal wave functions.
(a) Distribution of the measured normalized dissipated work (W − ∆F )/E0 on the logarithmic scale. The width of the
distributions increases with increasing drive frequency f = 1 (red), 2 (green), and 4 Hz (violet) at temperature T = 214 mK.
(b) Multifractality spectrum f(α) of critical eigenfunctions in disordered systems close to the Anderson localization transition
vs normalized logarithm of wave function intensity α = − ln |ψi|2/ lnN for the power-law random banded matrix model with
the bandwidth b = 0.1, 0.3, 1, 4 (adapted from21). This parameter is known to mimic the dimensionality of space in which
the Anderson transition happens: b→ 0 corresponds to the limit of infinite dimensionality d→∞, or the Bethe lattice limit,
while b→∞ corresponds to d = 2 + , where → +0. In both panels (a) and (b), solid and dashed lines correspond to G(y),
G(−y)− y and f(α), f(2− α) + α− 1, respectively, to demonstrate the symmetry (3).
(c) Evolution of distribution of the normalized dissipated work (W −∆F )/E0 on the logarithmic scale with decreasing drive
frequency f in a SEB with a superconducting external electrode for experimental system parameters and T = 214 mK obtained
theoretically from the rate equations (Eqs. (3) and (4) in the Supplementary Note 1). The width of the distributions decreases
with decreasing driving frequency f (from red to violet curve). The similar calculations for the SEB with the normal electrode
give b ∼ √kBT/(f τ0 E0), where τ0 is the characteristic relaxation time of the circuit. Thus an effective bandwidth b of the
equivalent random matrix theory depends on the equivalent size of the matrix N = exp(E0/kBT ). While the limit T → 0
always corresponds to the limit b→ 0, the limit f → 0 at a fixed T corresponds to the adiabatic limit b→∞.
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FIG. 2: Comparison of ∆wq for dissipated work and multifractal critical exponents ∆q.
(a) The measured function ∆wq (T ) in Eq. (7) at drive frequencies f = 1 (red), 2 (green), and 4 Hz (violet) and temperature
T = 214 mK. (inset) A plot of the exponent of the dissipative work e−(W−∆F )/kBT vs the drive realization number j at a drive
frequency f = 1 Hz and temperature T = 214 mK. In most of the drives the exponent is smaller than 1, which corresponds to
W > ∆F , as the Second Law requires for averages. However, there are rare events seen as high spikes when ∆F −W > kBT .
(b) Multifractal exponents ∆q for the same model and parameters as in Fig. 1 (b) (adapted from
21). In both panels a small
difference between ∆q (solid lines) and ∆1−q (dashed lines) violating the symmetry (8) is due to experimental (in panel (a)) or
numerical (in panel (b)) errors. (bottom inset) A plot of a typical amplitude |ψi|2 of the critical wave function in a 2D lattice
with N sites cut at a certain level |ψi|2 = N−α (adapted from38). (top inset) The map of the region in space where |ψ|2 > N−α
is a fractal of the Haussdorf dimension dh(α) = 2 f(α) < 2. Multifractality implies a dependence of dh on α, or on the cutoff
level N−α (adapted from39).
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FIG. 3: The dependence in T−1 of the logarithm of the work generating function and its symmetry in the
moment order q. In panels (a) and (b) the theoretical T−1 – dependence obtained from the rate equations for a SEB with
(a) a superconducting and (b) a normal external electrode is shown. Panel (c) demonstrates the experimental test of this
dependence. In all panels the dependencies become linear at large values of T−1. The dashed (solid) lines correspond to the
pairs of moments {q, 1 − q} related by symmetry. The curves from bottom to top correspond to {4,−3}, {3,−2}, {2,−1},
{1, 0} and q = 1
2
. In panel (c) the dashed (solid) lines of the same color are linear fits of the experimental data shown by open
(solid) circles corresponding to q (1− q). (inset) The linear in T extrapolation for the function ∆wq (T ). The notations are the
same as in panel (c).
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FIG. 4: Evolution of ∆wq (T ) with decreasing temperature T in a single-electron box. Panels (a) and (b) show the
theoretical evolution for a SEB with (a) a superconducting external electrode for ∆S = EC and (b) a normal external electrode
obtained from the rate equations. The limiting ∆wq is of (a) triangular, (b) trapezoidal form. Experimental data is shown in
panels (c) and (d). (c) Experimentally obtained ∆wq (T ) for temperatures T = 111, 123, 133, 144, 153, and 175 mK are plotted
as functions of q (colored solid lines). The solid black curve ∆wq is obtained by linear in T extrapolation of the experimental
data to zero temperature. The thin gray curves and dotted arrows demonstrate the linear extrapolation. Panel (d) shows the
verification of the symmetry (8). Here the dashed gray curve shows ∆w1−q, the other notations are the same as in panel (c).
